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FRAMEWORK OF TWO-DIMENSIONAL FUNCTIONAL WALKS
FABIAN SCHNEIDER
Abstract. This paper gives a general introduction to two-dimensional func-
tional walks with particular attention to notation and definition. We also give
applications of functional walks and a visual overview of some walks generated
by f(n) = n2 and f(n) = n3.
1. Definition and Notation
Let vn denote graph vertices given as vectors from the origin and let en =
vn− vn−1 denote the graph edges as vectors from vn−1 to vn. A walk W is defined
as sequence v0, e1, v1, e2, v2, ... [1]:
v0
e1
v1
e2
v2
e3
v3
A functional walk W on a two-dimensional plane is iteratively generated using the
functions f : N → N and g : N → R and the whole integer m. The function f(n)
determines the direction ϕ(n) of the edge en by dividing 2pi into m parts, i.e. an
unit circle into m possible directions:
ϕ(n) =
2pi
m
· (f(n) mod m).
The length of the edge en is given by g(n). We define that v0 = (0, 0). Thus the
vertex vector vn is given by the sum of edge vectors
vn = v0 + e1 + e2 + ...+ en =
n∑
t=1
g(t)
(
cosϕ(t)
sinϕ(t)
)
.
Since a two-dimensional functional walk is defined by f , g and m, we will introduce
the notation W : 〈f | g〉m. In case of g(n) = 1, we write W : 〈f〉m and omit g(n).
Note that the set of vertices vn and edges en to describe a walk is in general given
as infinite in context of functional walks. We will use the terms functional walk
and walk interchangeable. The concept of functional walks can be categorized to
dynamical systems [2] and iterated function systems [3].
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2. Closed and Open walks
Definition 2.1. A walk W with vertices vi and edges ei is called closed if there
exists a finite set {vk, ek, vk+1, ek+1, ..., vK , eK} so that all vi, ei are include in this
set for any value of i. Otherwise the walk is called open.
The edges and vertices of the walk WS : 〈n〉4 repeat after four steps and end
at the origin, thus the walk describes a square and we call it closed. The Walk
WSp : 〈n|n〉4 describes a square spiral which vertices and edges do not repeat, thus
we call it open.
WS : 〈n〉4 WSp : 〈n|n〉4
Note that all illustrations of open walks posses dots at the end to distinguish them
from closed walks.
3. Bounded and Unbounded walks
Let |vn| denote the distance of the nth vertex from the origin. There exist
walks such as WSp : 〈n|n〉4 that continuously increase in size, i.e. the distance
of the vertices from the origin becomes arbitrarily large. Other walks such as
WB : 〈n|1/n〉4, which describes a square spiral that turns from the outside to the
inside, are limited in size.
Definition 3.1. If there exists a constant B such that B ≥ |vn| for any vertex vn
of the walk W , we call W bounded. Otherwise we call W an unbounded walk.
Note that closed walks are always bounded with B = max{|v0|, |v1|, |v2|, ...}.
4. Converging walks
The vertices of the walk W : 〈n|1/n〉4 will come arbitrary close to the point
(0, 0). Therefore we say that this graph converges.
〈n|1/n〉4
Definition 4.1. If there exists a constant C such that |C − |vn|| < ε for any
arbitrary small positive number ε, we call W a converging walk.
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5. Repetition Walks
Let WO denote some open walk. Although the distance of the vertices of WO
from the origin increase and you can not reduce the walk to a closed figure, it may
consist out of repetitions of a single finite walk.
Definition 5.1. We call a walk repetitive if there exists a repetition index R so
that for any whole integer k
0 =
R∑
i=1
|(vRk+i − vRk)− vi|,
i.e. cutting the walk consecutively in pieces that contain R vertices and moving all
pieces to the origin v0 results in a single finite walk with vertices v0, v1, ..., vR which
we call the repetition figure.
Consider the walk 〈n2〉5 as shown in the figure below. This repetitive walk has
a repetition index of R = 5.
〈n2〉5
The repetition figure is shown as dotted shape at the end. Note that all illustra-
tions of repetition walks posses a dotted shape of the repetition figure.
6. Evolving walks
Given the functions f and g of the walk W it is the constant m that determines
the shape of the walk. The shape of some walks evolves from an initial walk for
smallm to a more detailed shape for increasingm. This can be observed for various
walks such as 〈n2〉4m+2. With increasing m we see how the initial simple structure
becomes a detailed Cornu spiral [4].
〈n2〉6 , 〈n
2〉18 , 〈n
2〉30 and 〈n
2〉62
Note that all these walks are closed and that the size increases due to constant
g = 1 but an increasing number of edges that make up the figure.
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7. Equalities of Walks
In order to compare two walks we introduce following definition:
Definition 7.1. Let v1, ... denote the vertices of 〈f1|g1〉m1 and w1, ... the vertices
of 〈f2|g2〉m2 . We write 〈f1|g1〉m1 = 〈f2|g2〉m2 if |vi − wi| = 0 for all i.
However, some walks have the exact same shape but different sizes due to dif-
ferent g such as 〈n|n〉4 and 〈n|n+5〉4. In order to express that two walks have the
same shape we introduce another definition:
Definition 7.2. We write 〈f1|g1〉m1 ≡ 〈f2|g2〉m2 if there exists a real j so that
〈f1|g1〉m1 = 〈f2|g2 + j〉m2 holds true.
8. Regular Polygons
Theorem 8.1. A m-sided regular polygon is described by the walk Wp : 〈n〉m.
Proof. Since m is a constant value and f(n) = n increases linear, the edges point
consecutively in the 1th, 2th, ..., mth direction, i.e. the angle between two edges
differs always by ϕ(n + 1) − ϕ(n) = 2pi/m. Thus the mth edge connects back to
the origin and because all the edges have the same length we can observe a m-sided
regular polygon. 
The figure below shows the first walks generated by 〈n〉m. Note that the size of
the figures was reduced in favor of the alignment.
〈n〉3 , 〈n〉4 , 〈n〉5 , 〈n〉6 and 〈n〉7
In addition, the interpretation of a circle as polygon with infinite sides allows a
circle to be given by the walk Wc : 〈n〉m with m −→∞.
9. Applications and Conclusion
Functional walks appear as an elegant method to express geometric figures and
objects. The walk notation allows a compact representation of complex shapes with
simple functions and it enables to express non-smooth objects such as polygons and
more (see appendix) with smooth functions e.g. polynomials. The underlying math-
ematical principles generate a variety of sophisticated and detailed figures which
could be used by graphic algorithms and more.
The concepts of functional walks may also be used for e.g. geometric proofs of
theorems. However, there are a variety of aspects of functional walks in general
and the shape of certain walks that require further understanding and study.
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Appendix A. Collection of Walks with f(n) = n2
〈n2〉3
〈n2〉4
〈n2〉5
〈n2〉6
〈n2〉7
〈n2〉8
〈n2〉9
〈n2〉10
〈n2〉11
〈n2〉12
〈n2〉13
〈n2〉14
〈n2〉15
〈n2〉16
〈n2〉17
〈n2〉18
〈n2〉19
〈n2〉20
〈n2〉21
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Appendix B. Collection of Walks with f(n) = n3
〈n3〉3
〈n3〉4
〈n3〉5
〈n3〉6
〈n3〉7
〈n3〉8
〈n3〉9
〈n3〉10
〈n3〉11
〈n3〉12
〈n3〉13
〈n3〉14
〈n3〉15
〈n3〉16
〈n3〉17
〈n3〉18
〈n3〉19
〈n3〉20
〈n3〉21
〈n3〉22
〈n3〉23
〈n3〉24
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